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1. INTRODUCTION 
In many infectious diseases, a proportion of infected individuals do not develop 
symptoms sufficient to alert them to the fact of infection. They may, however, depending 
on the specific infectious agent involved, spread the infection to others. Infections that 
do not provoke symptoms are sometimes called silent infections or subclinical infections 
and the individuals so affected are called asymptomatic. 
The role of asymptomatic but infected individuals is thought to be very important in 
the spread of certain diseases. Kemper [I] has mentioned cholera and acute diarrhea1 
fever in this connection. Another important example is gonorrhea. A high percentage of 
both males and females are known (see Constable [2]) to contact gonorrhea1 infection 
without pain or other symptoms, and therefore they do not seek medical treatment. 
Since recovery from gonorrhea apparently requires medical treatment, this leaves a 
significant reservoir of undetected spreaders to pass on the infection. As a consequence, 
a large effort has been devoted by public health officials to tracing and treating sexual 
contacts of individuals presenting themselves with symptoms, in hopes of locating and 
curing these asymptomatic but infectious persons. 
Kemper [l] has formulated a simple deterministic model for diseases that do not 
confer immunity and in which there are silent infections. In this model, the population is 
assumed to be divided into three subgroups, the susceptibles (S), the infectives with 
symptoms (I), and the infectives without symptoms (A). Kemper assumes the usual 
“mass action” law for contacts, but permits the contact rate for individuals in class I to 
differ from the contact rate for individuals in class A. 
The model that we formulate here is a generalization of Kemper’s in two ways. First, 
it permits the recovery rates to be different for the classes I and A. The restriction to 
equal recovery rates (or equivalently, equal mean infectious periods) seems unrealistic in 
a disease (such as gonorrhea) in which individuals with symptoms usually seek prompt 
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treatment. Second, the model represents the contact rates by very general functions 
rather than restricting them to the mass action form. It turns out that a rigorous analysis 
can still be carried through, and that some of the qualitative results can thus be proved 
to be independent of the specific form of these contact functions. It is useful to allow 
this generality for the following reason. In most of the literature on mathematical 
epidemiology, it is assumed that the rate at which susceptible individuals encounter 
infectious contacts (per unit time) is proportional to the infectious fraction I. On the other 
hand, models based on probabilistic considerations of the Reed-Frost-type (for example, 
see Cooke [3]) generally have this rate proportional to 1 - e-“’ where a is a constant. This 
kind of relationship appears in a recent malaria model of Dietz, Molineaux, and Thomas [4], 
and similar saturating terms are proposed by Capasso and Serio [5] and Capasso and 
Paveri-Fontana [6]. The latter authors state that this was necessary to obtain agreement 
between the mathematical results and the data for a.cholera epidemic in Bari, Italy. 
Ultimately, we hope that considerations of the type given here might be useful in 
estimating the parameters of specific diseases and predicting the results of different 
control strategies. For example, for gonorrhea the effective contact rates and mean 
infectious periods for male and female asymptomatics are not well known. Constable [2] 
has formulated a gonorrhea model that in a sense is a natural generalization of the one 
analyzed here to the case of two groups, one of males and one of females, in which there 
are asymptomatic individuals in each group. However, it is more difficult to obtain 
mathematically rigorous results for such a model and in this report we shall restrict 
attention to the simpler case. We consider the model analyzed here to be a prototype of 
more complicated ones, and expect that some of the inferences here will carry over to 
the complicated cases. 
After the present work was completed, the paper by Bailey [7] appeared, surveying 
papers on venereal disease models, and presenting several new models that explicitly 
include asymptomatic groups. In a paper in the same journal, Wichmann [8] gave a local 
stability ‘analysis for these models of Bailey, for certain ranges of parameter values. 
These results are consistent with those in the present paper, suggesting that probably no 
periodic solutions can occur and that the positive equilibrium is globally stable even for 
these more complicated models. However, no global analysis of these models is 
available so far. 
In Sec. 2, we list the basic assumptions of the model and formulate appropriate 
equations. In Sec. 3, we state a threshold theorem, which is the principal mathematical 
result. In Sec. 4, we discuss the way in which the endemic level depends on various 
parameters, possible ways to estimate the parameters, and the expected effect of 
drug-resistant strains of bacteria. The proof of the main mathematical theorem is 
presented in Sec. 5. 
2. THE MODEL 
The assumptions of the model are as follows: 
(a) Our model is for a disease of the S-Z-S-type, which means that individuals on 
recovery have no immunity and are again fully susceptible. See Hethcote [9] for a 
general discussion of the formulation of deterministic models for communicable dis- 
eases. 
(b) The population is gf constant size N, and births and deaths can be neglected. We 
define S(t), Z(t), and A(t) to be the fractions of the total population that are susceptible, 
infective with symptoms, and infective without symptoms, respectively, at time t. Thus, 
for all times t, 
S(t) + Z(t)+ A(t) = 1. 
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We note that NS(t), Nl(t), and NA(t) are the actual numbers of individuals in the 
respective classes. 
(c) We assume that when new infections occur, a fraction f of the new cases become 
symptomatic and a fraction 1 -j become asymptomatic. Whether a newly infected 
individual becomes symptomatic or asymptomatic is assumed to be independent of the 
individual’s previous history of infection. Alternative assumptions would, of course, 
result in different models and perhaps very different conclusions. 
(d) Symptomatic and asymptomatic individuals are assumed to recover at rates yr and 
y2, respectively. 
(e) We assume that there is a function g such that NSg(f) is the number of new 
infections produced per unit time by symptomatic infectives when the fraction of 
susceptibles is S and of symptomatics is I. Likewise we assume that there is a function h 
such that NSh(A) is the number of new infections produced per unit time by asymp- 
tomatic infectives when the fraction of these is A. This assumption is discussed in more 
detail below. 
From the above assumptions, it is easy to write the following equations to describe 
the dynamical process: 
I dS dt = -S[gU) + h(A)1 + ml+ r2A 
. ~=fS~W+hbW-r,l 
~=(l-f)S[g(l)+h(A)l-y,A 
(1) 
S(t)+ I(i)+ A(n) = 1 _ (3 
oss(t)sl, O~I(t)~l, OsA(t)(l. (3) 
If one makes the customary assumption that the interactions may be represented by a 
mass action law. then one can take 
g(I) = r,l, h(A) = r2A, (4) 
where rl and r2 are constants. With the substitution of (4), and the assumption yr = 3% 
Eq. (1) is exactly the model of Kemper [I]. For general functions g and h, a rigorous 
’ analysis of the model has apparently not previously been given, even when f = 1 (no 
asymptomatics). 
If the assumption (4) is made, the constants rl and r-2 are often called contact rates. In 
fact, we can then define rl to be the average number of close contacts made by one 
individual of class I with other individuals per unit time. For then r,S of these are with 
susceptibles, and Nr,SI contacts are made by ail the infectious individuals per unit time. 
Similarly, r2 is the average number of close contacts made by one individual of class A 
with other individuals per unit time. Here, a ““close contact” is one sufficient to transmit 
the disease. One can also think of rl and r2 as representing infectivity. Pt is seen that 
when (4) is used, it must be implicitly assumed that the number of contacts made by ah 
infectives is proportional to the number of infectives. It may be more realistic to assume 
that this number is less than proportional to the number of infectives as the latter 
increases. Consequently, we have adopted the following hypothesis. 
(f) The functions g and h are positive and concave on the interval (0, 11 and g(0) = 0, 
h(0) = 0. Also, g and h are continuously differentiable and g’(0) # 0, h’(0) # 0. 
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The assumption of concavity means that the slopes g’(I) and h’(A) are nonincreasing 
functions of I and A, respectively. Assumptions (a)-(f) are the basic hypotheses of the 
model. 
3. THRESHOLD THEOREM 
In describing our results, it is convenient to begin by introducing the parameters 
~ = k’(O) + (1 -m’(o) _ W(O) 
Yl+Y2 
; (1 -m’(o) 
Ylf Y2 Yl+Y2 
7 = fYzg’(O) + (1 - f)Ylwv _ W(O) ; (1 -m’(o) 
Y1Y2 Y1 Y2 . 
Here, g’ and h’ are the derivatives of the functions g and h, that is, 
It is easy to give a biological interpretation for 7 in the simplified 
assume (4). We then have 
dg 
g’(x) = z(x) 
dh 
h’(x) =-&x). 
7 = fr,y;‘+ (1 -f)Qy;l. 
(3 
(6) 
case in which we 
Consider an individual who has just been infected. There is a probability f that he will 
become an I, and if so, his expected infectious period is y;‘. Since rl is the number of 
contacts he then makes per unit time, r,y;’ is the expected number of contacts during his 
infectious period. Similarly, (1 -f) is the probability that he will become an A, and rzy;’ 
is the expected number of contacts during his infectious period if he does. Thus, T 
represents the expected or potential number of contacts (with all individuals) made by 
one newly infected individual. By extension, we can interpret T in essentially the same 
way for general functions g and h. The principal mathematical results are stated in the 
following theorem. 
THEOREM. If 0 c: f I 1, y1 > 0, y2> 0, and if g and h satisfy hypothesis (f), then the 
following results are true for system (1). 
(I) If the initial values satisfy S(0) > 0, I(0) > 0, A(0) > 0, and S(0) + I(0) + A(0) = 1, 
then there is a unique solution of (1) that exists for t 2 0, and it satisfies Eqs. (2) and (3). 
(II) If T 5 1, the point S = 1, I = A = 0 is the only equilibrium point of (1) in the 
region 
D = {(S, 1, A): S 2 0, I 2 0, A L 0, S + I + A = 1) 
and this equilibrium point attracts all trajectories in D. If T < 1, it is asymptotically 
stable. 
(III) If T > 1, the equilibrium point S = 1, I = A = 0 is unstable. There is exactly one 
other equilibrium point in D, and it attracts all trajectories in D\{S = 1, Z = A = 0). 
(IV) Equation (1) has no periodic solution lying in D. 
This is a “threshold” theorem of the type familiar in mathematical epidemiology. Its 
biological meaning is that if r < 1, the disease will die out, whereas if 7 > 1, the disease 
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will become endemic, with prevalence levels of I and A given by the unique equilibrium . 
values. In the next section, we shall discuss these values and how they depend on 
various parameters. 
4. EQUILIBRIUM VALUES, PARAMETER ESTIMATION, DRUG RESISTANCE 
In this section, we discuss one of the epidemiological inferences that may be drawn 
from the model. It is obvious from Eq. (1) that if there is an equilibrium point, then 
sts(U + WA)1 = WI + ~2.4 
’ fs kU) + W)l = YIP 
Cl- f)Sk(O + h(A)1 = y2A. 
By dividing the latter two equations in (7) we get 
I = kA, k = ‘j 
Ydl - 0’ 
(7) 
Equation (8) must hold at any equilibrium. Thus, the ratio of symptomatic to asymp- 
tomatic prevalence is 
(i) independent of the infectivity functions g(I) and h(A); 
(ii) proportional to the ratio f/(1 - f) of new cases entering class I to new cases 
entering class A; 
(iii) inversely proportional to the recovery rates from classes I and A. 
Of course, the actual values of I and A at equilibrium do depend on the functions g(l)’ 
and h(A) (as will be shown by* the proof of Lemma 3). 
For the rest of this section, we shall assume the special relations‘g(1) = rJ, h(A) = 
r2A, since the discussion in the general case is more difficult. In this case, it follows from 
Eqs. (7) and (8) that 
r& + Y2 _ SC-- Yl’y2 
1 =- 
rrk + r-2 fyzrr+ (1 - _f)ylrz 7 (9) 
Equation (9) has an immediate interpretation. Since r is the expected number of contacts 
made by one newly infected individual, ST is the expected number of these with 
susceptibles, and therefore Eq. (9) states that at equilibrium each infected individual 
must be exactly replaced by one infected individual. As has been pointed out by Yorke, 
Hethcote, and Nold [lo], this is a general property of the “infector number” at 
equilibrium. Note, however, that for our general model, Eq. (9) must be replaced by 
C-d + yn)A ynk + YZ 1 
’ = g(kA) + h(A) = g’(O)k + h’(0) = jr2g’(0) +{&)y,h’(O) = 4) 
where the inequality follows from the assumed concavity of the functions g and h. 
When g(I) = r,Z, h(A) = r2A, we can give explicit formulas for the nontrivial equili- 
brium values. It is shown in the proof of Lemma 3 that the value of A must satisfy the 
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equation 
Therefore, at equilibrium we have 
A=&.o*I-Yl)k+r-, I=kA 
rlk + r2 , 
S=y,k+Y2 
rlk + r2’ (12) 
where k is given in Eq. (8). 
The problem of determination of the parameters of the model has been discussed by 
Kemper 111, when yr = 39. The most readily observable quantity is the incidence of the 
disease, that is, the rate of appearance of new symptomatic cases. Denoting this by 0, 
we have 
Therefore, the true incidence fi is yI times the true prevalence I, at equilibrium. For 
gonorrhea, although not all cases are reported, it is possible to estimate fl with good 
accuracy. However, it is difficult to estimate the prevalence rates I and A, even when a 
population is screened. If this can be done, then an estimate for yl can be obtained, the 
relation I = kA provides an estimate for k, and the expression in (11) for the equilibrium 
value of S provides another relation among the parameters. 
For gonorrhea, Constable [2] and Reynolds and Chan [ill have given estimates for 
parameters based on observational-data. We shall now use these values with our model 
to explore the way in which the equilibrium values depend on f, yI, and y2. Since our 
model is for the simplified case of a single population group and does not distinguish 
males from females, the conclusions indicated here are extremely tentative, but perhaps 
in part are indicative of the situation in the more realistic model. Constable has 
estimated parameter values for a sexually active group of ages 1624. According to him 
and to Reynolds and Chan, symptomatic females spend an average time of about 20 days 
between infection and cure. Therefore, we choose ~7’ = 20 days or y1 = 0.05 per day. On 
the other hand, asymptomatic females are untreated and are cured only when located by 
contact tracing or other means or by spontaneous cure. Although there is no reliable 
measurement of the average time that an asymptomatic person is infectious, it is thought 
to be on the order of 50 or 100 days or longer. Therefore, we choose 72 = 0.01 per day. 
Constable suggests that the contact rates rl and r2 should be c;’ and ci’, respectively, 
where cl and c2 are the average numbers of days between change of sexual partners. 
There are no data on these values, but Constable suggests a range of 20 to 50 for c, 
yielding r = 0.05 to 0.02. These values agree quite well with estimates of Reynolds and 
Chan. 
The effect of the parameters on prevalence of the disease can be analysed as follows. 
At equilibrium, 
r+A+S+Ylk 
rtk + r2 
(13) 
=I- Yz 
r2U -f)+ rmflw 
= l- [Z+f(?-Z) 1-l. 
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If we take rl = r2 = 0.05, y1 = 0.05, yz = 0.01, we obtain 
f I+A=1-5!4f, k=- 
5(1- f)’ 
From the formula for I f A, we see that the total prevalence I + A decreases from 0.8 at 
f = 0 to 0.44 at f = 0.8 and then to 0 at f = 1.0. The values of I and A can be separately 
determined since I + A = (k + 1)A. Table 1 shows the computed values of k, S, I, A and 
I/(I + A), the percent of the prevalence that is symptomatic, for various values of f_ On 
the other hand, it seems likely that symptomatic individuals have a lower contact rate 
than asymptomatic ones. It is not known whether they have the same infectivity to their 
contacts. Let us assume that rl = 0.02, r2 = 0.05, and retain the values y1 = 0.05, y2 = 0.01. 
Then 
Table 2 gives results for these parameter values. In both tables we observe that as j 
increases, the proportion of the population that is asymptomatic steadily decreases, but 
the proportion that is symptomatic increases, until f reaches 0.8 or 0.7. Then the 
proportion symptomatic falls off rapidly. This indicates that there may be a considerable 
sensitivity to the value of d for f large. In Table 2 for f = 0.9, the value of r is less than 
one and the disease cannot be sustained. Reynolds and Chan indicate that the percentage 
of infected females who are symptomatic is unknown, but suggest a value of about 40%. 
This would be consistent in the above model with f = 0.8 or 0.75, approximately. Thus, if 
about three-fourths of neti infections become symptomatic, only 40% of prevalence will 
be symptomatic. 0ne way to assess the importance of the parameter f is to see how T 
Table 1. Equilibrium values of S, I, A (r~ = rz = 0.05, yl= 0.05, y2 = 
0.01) 
Percent of Cases 
f k s I A Symptomatic 
0.2 0.05 0.244 0.036 0.72 5 
0.4 0.13 0.30 0.083 0.62 12 
0.6 0.30 0.39 0.14 0.47 23 
0.7 0.461 0.17 0.37 31 
0.8 0.80 0.20 0.25 44 
0.9 1.80 0.18 0.10 64 
Table 2. Equilibrium values of S, I, A (PI = 0.02, r2 = 0.05, -ye = 0.05, 
y2 = 0.01) 
Percent of Cases 
f k S 1. A Symptomatic 
0.2 0.05 0.244 0.036 0.72 
0.4 0.133 0.32 0.080 0.60 
0.6 0.30 0.40 0.13 0.43 
0.7 0.467 0.56 0.14 0.30 :: 
0.8 0.80 0.76 0.11 0.13 46 
0.9 1.80 - - - - 
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varies with f. If g’(0) = r~. h’(0) = rz, then from (6) we have 
,$+ ;-z f. ( ) 
In particular, if rl = 0.02, rz = 0.05, yI = 0.05, y2 = 0.01 this gives T = 5 - (23/5)f and the 
critical value 7 = 1 occurs at f = 20/23. If a greater fraction than this were symptomatic, 
then the lower contact rate and greater recovery rate would cause extinction of the 
disease. 
During the years from 1960 to 1974, there was a tremendous increase in the incidence 
of gonorrhea in the United States. For example, see Yorke, Hethcote, and Nold [lo], or 
Center for Disease Control, [12]. The increase exceeded that due to the increase in 
population in the at-risk group, and might be due to higher contact rates. It is clear from 
Eq. (13) that increasing values of rl and r2 will result in larger total prevalence I + A. 
In the last few years there has been a leveling off in the increasing incidence of 
gonorrhea. However, there has recently been concern about the emergence of strains of 
the bacterium Neisseria gonorrhoeae that are resistant to penicillin. For a full treatment of 
this phenomenon, we would need to extend the model here to take account of the 
dynamics of the bacterial strains. For the present, we merely observe the changes in 
endemic levels that might result. In terms of our model, increasing drug resistance 
corresponds to a decrease in the recovery rate yI for symptomatic individuals, since 
penicillin would provide rapid cure for a smaller proportion of these. In Table 3, we 
indicate the results when we take f = 0.8, tl = 0.02, r2 = 0.05, y2 = 0.01, and vary -yl from 
0.05 (the value used in Table 2) to 0.01 (at which point the recovery rates are the same 
for symptomatic and asymptomatic individuals). For these values, 
, 
It may be of interest to note that the fraction asymptomatic changes very little, whereas 
the fraction symptomatic increases rapidly, and consequently the percentage of the 
prevalence that is symptomatic’is much increased. 
In 1972, a program was begun in the United States to do bacteriologic culturing of 
specimens obtained from women during routine pelvic examinations, with the objective 
of discovering asymptomatic cases of gonorrhea. See Yorke, Hethcote, and Nold [lo] 
for information on this screening program. In terms of our model, a successful screening 
program increases the recovery rate‘y2. A table of the effects of changing y2 can easily 
be constructed but is omitted here. 
Table 3. Equilibrium values of S, I, A (f = 0.8, rl = 0.02, R = 0.05, 
yz = 0.01) 
Percent of Cases 
Yl k S I A Symptomatic 
0.05 0.80 0.76 0.11 0.13 46 
0.04 1.0 0.72 0.14 0.14 50 
0.03 1.33 0.65 0.20 0.15 57 
0.02 2.0 0.55 0.30 0.15 67 
0.01 4.0 0.39 0.49 0.12 80 
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We begin with the following lemma, which establishes the first part of the theorem. 
Lemma 1. Assume that 0 5 f 5 1, 0 5 yl, 0 I y2, 0 < -yl + y2, and that g and h satisfy 
g(0) = h(0) = 0, g(u)>0 and h(u) >O for O< u I 1. If S(O)rO, I(0) LO, A(O)? 0, and 
S(0) + I(0) + A(0) = 1, then Eq. (1) has a unique solution that exists for t P 0 and it 
satisfies Eqs. (2) and (3). 
Proof. For the sake of mathematical convenience, we first extend the definition of 
g(I) over 0 5 I < 00 and la(A) over 0 s A < 00 so that these functions are continuously 
differentiable, and positive for I > 0, A > 0, respectively. Now we shall show that the 
positive orthant 
R={(S,I,A):SrO,IzO,ArO} 
is positively invariant for Eq. (1). On the bounding face S = 0, the outward normal is 
(- 1, 0,O) and the-direction field is 
(S, f, A) = (~11 +~2Ar -rJ, -rzA). 
The dot product with the normal is SO, so the field does not point outward. On the face 
I = 0, the outward normal is (0, - 1,O) and 
6, t i’i) - (0, - 1, fl) = -fSh(A) cc 0. 
Similarly the dot product is 10 on the face A = 0. Thus, any solution of Eq. (1) (with 
extended g and h) for which (S(O), P(O), A(0)) is in R remains in R on its right maximal 
interval of existence. 
Moreover, suppose that (S(O), I(O), A(0)) is in R and S(0) + I(0) + A(0) = 1. Consider a 
solution of Eq. (1). We see that 
S(f) f i(f) + A(f) = 0 
for as long as the solution exists. Consequently, the solution is constrained to lie on the 
intersection of R and the plane S d- I +A = 1, and this remains in a bounded region 
From standard theorems, the solution exists on f z 0 and remains in the bounded set 
{(S, I, A): S 10,I 2 0, A L 0, S + I + A = l}e 
In this region, of course, tbe amended definitions of g and h are not relevant. 
It follows from Lemma 1 that it suffices to consider the system 
i = _&(I) + h(A)](l - I - A) - ?,I 
A = (1 - f)[g(I) + h(A)](l - I - A) - yzA. 
(14 
Eemma 2. Assume that .yl > 0, yz> 0. Then the trivial solution I(f) = 0, A(f) = 
0 [S(f) = 11 of Eq. (14) is asymptotically stable if ‘P < 1. If r > 1, this solution is-unstable 
and is a saddle point. 
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PrOOf. Since g(0) = h(O) = 0, the linearization of Eq. (14) near I = 0, A = 0 is 
i = f[g'(O)l + h’(O)A] - -,d 
A = (I- f)[g’(o)l + h’(O)A] - yzA. 
(15) 
The characteristic equation of system (15) is 
det fg’(O) - -Y1- A fh'(O) 
(1 - fk’(O) (l-f)h’(O)-yz--X =” 1 
This reduces to 
A’fah+b=O 
Q = (?I+ Y2W -a) 
b = y1y2U-7). 
(16) 
where u and r are defined in (5) and (6). A sufficient condition for asymptotic stability is 
a 7 0, b > 0, that is, a < 1 and T < 1. Moreover, if either u 7 1 or r > 1, then tiie 
equilibrium I = 0, A = 0 is unstable for the linearized system and therefore also for the 
nonlinear system. Since v < r always, we see that r < 1 is sufficient for asymptotic 
stability, and T > 1 is sufficient for instability. Moreover, if T > 1 then one root is positive 
and one negative and the critical point is a saddle. 
Lemma 3. Assume that g and h satisfy the concavity condition cf). There is 
nontrivial equilibrium point in 0 < S, I, A I 1 if and only if r > 1. This equilibrium 
unique. - 
Proof. Due to (8) and S + I +A = 1, we need only consider the range 01 A 
(K + 1)-l. Let 
a 
is 
< 
(rlk+rtM 
“(A)=l-(k+l)A 
1 YlU -f) 
for o-=A<k=~l(l-f)+yf 
Jl(x) = g(kx) + h(x). 
From Eqs. (7) and (8), we see that at any equilibrium point S,, I,, A,, we must have 
S,+(A,) = ytI,+ ~2A1= (r,k -+- 72M1 
andsince &=I-I,-A,=l-(k+l)A,, 
Conversely, if A1 lies in O< A, <(k + l)-’ and satisfies +(A,) = +(A,), then setting 
I, = kA,, S, = 1 - I1 - Al, we obtain 
S,[g(l,) + h(A,)l = [I -(k + l)A,l+(A,) = (r,k + ~2M1= YJI+ 72A1 
fSdgU1)+ h(Adl=f(yJl+r2Ad= WI,+ fwA,-Cl--fh,I, 
= YIP, + &2-U -fWlA,= YJI 
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and thus (7) is satisfied. Consequently, it suffices to investigate roots of the equation 
$(A) = &(A). We find that 
W _ 74 + Y2 
dA - [ 1 - (k + l)A]’ 
Therefore, 4(A) is increasing, 4(O) = 0, and 4(A)+ 81 as A +(k + 1)-l. Also, 4’(O) = 
y,k + y2. On the other hand, $(A) is concave and &(A) is convex and q’(O)= 
kg’(O) + h’(O). If 4’(O) I 4’(O), the only intersection is at A = 0, but if t,k’(O) > 4’(O), there 
is a unique intersection A,, 0 < A1 < (k + I)-‘. The condition for existence of 14, is 
k’(O) + h’(O) > ky, + y2 
frzd@) + (1 - fhh’@) > y1y2. 
That is, the condition is r > 1. 
Lemma 4. Assume that -yl > 0, y2 > 0, and g and h satisfy condition cf). Then there is 
Eq. (14) in the triangular region T = 
Proof. Any trajectory of (14) defines a solution of Eq. (1) by S = 1 -I-A. By 
Lemma 1, this solution satisfies (2) and (3). Therefore, no trajectory can escape from the 
triangle. 
If there is a limit cycle C, it must surround an equilibrium point, and it must be a 
simple closed curve. If ‘P 5 1, the only equilibrium point is at the origin and so obviously 
there cannot be a limit cycle. If r > 1, there is a unique interior equilibrium point, lying 
on the line I = kA. Any limit cycle is a continuously differentiable curve that encircles 
this point and encloses a regular region It is easy to see that it can have no point on 
I = 0 or A = 0; or I + A = 1. Let R be this region. Then Green’s Theorem can be applied 
to R. That is, if P(I, A) and Q(I, A) are continuously differentiable functions in R, and 
aR is the boundary of R, then 
1 (-Qdl+PdA)=]/ (!$+$$)dS. 
dR R 
We shall apply this formula to the functions 
We obtain 
P = fig(l) + h(A)](l - r - A) - ?*iT 
Q = Cl- f)Mr) + WN1- r - A) - r2A. 
g+ 3 = fgyr)g - r - A) - f[g(r) + h(~)l - yl 
+ (I- f)h'(A)(l - I - A) - (I- f)[g(I) + WUI - ~2. 
By the assumed concavity of g and h, and the fact I- I - A > 0, 
aP aQ 
3 + 2 s Ifs’60 + (1 - f)h’(O)lU - r - A) - k(r) + h(A)1 - y1- 342 
(1’1) 
tw 
s (c - l)(vl+ Y2) - [g(r) + h(A)1 <cc - l)(r1+ Y2). 
12 KENNETHLCOOKE 
The last inequality is strict since R does not contain a point where Z = 0 or A = 0. If 
o I 1 (which is possible even if T > l), it follows that the integral over R is negative. On 
the other hand;the line integral around aR is zero, since 
j (-QdZ+PdA)=j-j+g+$$)dt=O. 
JR 
Thus we obtain a contradiction to (17), and no limit cycle exists if (T 5 1. 
If u > 1, we have to modify the above argument. Let 
B = I-‘A-‘, P=BP, Q=BQ. 
Then instead of (17) we have 
B(-QdZ+P dA)=I j- ($+$)dS. 
JR R 
Now 
aP aCj ar+x= I-‘A- I-ZA-‘p _ Z-'A-ZQ 
^ ^ 
I'A'($++j = ZAcfg'(Z)( 1 - Z - A) + (1 - f)h’(A)( 1 - Z - A) 
-[~(~)+WW--~I-Y~~ 
- Auk(Z) + k4Ml- I- A) - yJ1 
- Z{(l - f)[gtZ) + h(A)l(l - Z - A)- WA). 
By concavity, g’(Z) I g(Z)/Z, h’(A) 5 h(A)/A. Therefore, 
I  ^
12A2(x- aA - ap +%) “cfAg(Z)+(l -f)Zh(A)-fAg(Z)-fAh(A) 
-(l--f)Zg(Z)-(l-f)Zh(A)}(l-Z-A) 
+ ZAFg(Z) - h(A) - YI - ~2 + 71 + ~21 
= I-fANA) - (1 -f)Zg(Z))(l - Z - A)- ZA[g(Z) + h(A)] 
CO. 
This again yields a contradiction since 
j B(-QdZ+PdA)=jB(-zg+$z)dt=O. 
JR 
This completes the proof of the lemma. 
Since P and Q are continuously differentiable at (0, O), the first part of the above 
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proof can be applied to any simple closed path in T containing one or both equilibrium 
points. Therefore, there can be no homochnic orbits if o I I. The next lemma will 
exclude such orbits in all cases when T > 1. 
Lemma 5. If r > 1, the stable manifold of (0,O) cannot point into the triangle T. 
Broof. When r > 1, the point (0,O) is a saddle point. This lemma will show that there 
cannot be an orbit in T having (0,O) as both its positive and negative limit set. Near (0,O) 
we have 
g(Z) + h(A) = g’(O)Z + h’(O)A + . - * 
where the dots represent higher order terms. Since g’(O) # 0, h’(0) P 0, given any E > 0 
we can choose a region T1 in T so close to (0,O) that 
g(Z) + h(A) r (1 - e)[g’(O)Z + h’(O)A]. 
Also, we can ensure that 1 - Z - A L 1 - E. Therefore 
i z j(l - e)‘[g’(O)Z + h’(O)A] - y,Z 
A 2 (1 - f)(l - 4*[g’(O)Z + h’(O)A] - 39A. 
In the portion of this region where Z 2 kA, we get 
A 2: (1 - f)(l - e)*[kg’(O) + h’(O)]A - ?*A. 
Since 
kg’(O) + h’(O) = yzfg’(0) + Yl(1 - f)k’(O) _ 7y2 
r1(1- f) 1-f’ 
we get 
A - (1 - e)*ryzA - ?*A. ‘> 
Since a > 1, we can choose e so that (1 - ~)*a > 1 and obtain A > 0. On the other hand, in 
the portion of this region Tr, where I 5 kA, we get 
isf(l-e)* g’(O)+~]z-~,z 
[ 
= f(1 - r)* 772 
k . - I - r,z = (1 - E)*Tiz - y,z > 0. l-f 
Since the stable manifold must have a definite direction at (O,O), if it lies in T it will 
either lie in Z 2 kA or I 9 kA near (0,O). Neither of these is possible, by the above 
argument. 
Lemma 6. Assume that y1 > 0, y2 > 0, and g and h satisfy condition cf). Whenever the 
nontrivial equilibrium point in 0 < S, I, A 5 1 exists (T > l), it is asymptotically stable. 
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Proof. The matrix that determines the stability properties for an equilibrium point of 
(14) is 
M= 
jg’U)(l - I - A) - fW)+ h(A)1 - YI fk’(A)(t - I- A) - f[gU) + h(A)1 
(1 - f)g’(U(l - I- A) - (I- f)[gU) + h(A)1 (I- f)k’(A)U - I- A) - (1 - f)[g(I) + h(A)J - -12  
where I and A must be given their values at the equilibrium point. The characteristic 
equation is 
hZ-Th+D=o, 
T = trace M, D = det M. We shall compute T and D. First, we have 
D = i_fs’U)S -fkt0 + h(A)1 - rJ{(l -f)h’tAW 
-(l-f)[g(l)+h(A)l-yS-(fh'(A)S-fEg(l) 
+ k(A)lIKl - f)g’(OS - (I- f)[gU) + h(A)& 
where S = 1 - I- A. Thus, 
D = ~172 - frzs’(I)S - (1 - f)rJr’(A)S + Cfr2 + (I- f)rll[gU) + k(A)1 
> YIY~- Ifrzs'(O+U - f)rtk’(A)IS. 
By the concavity condition, g’(1) cr g(l)/& h’(A) 5 h(A)/A, so 
I) >‘y1y2- tfytg(fV-‘+ (1 -f)r&(A)A-‘IS. 
At the nontrivial equilibrium, we have I = kA..Hence, 
fYzg(I)I-’ + (I- f)r,h(A)A-' = &.fyzg(kA) + (1 - f)r,kh(A)] 
= e [g(kA) + h(A)] = “$--- f)[,(kA, + h(A)]. 
Also, 
trlk + idA 
’ = g(kA) -t- h(A)’ 
Therefore, 
D'Y~Y~- YIU -fNr& + 72) = YIY~- YI[Y~+ y2(1- f)l=O. 
Next, we have 
T = Ug’U) + (I- f)h’(A)l(l - I - A) - [g(l) + h(A)1 - yt - y2 
(19) 
0-J) 
5 fyQ+(*_f)!!p] 
[ Cl- I- A) - Ml) + h(A)l- YI - 72. 
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Again, we have I = kA and I- I - A = S given by (20). Hence 
15 
T 5 [i g(kA) + (I- f)MA)]g(;$ +’ ;tA) - [g(kA) + h(A)] - ?I - y2 
rf 
= (I- f)[$ &A) + h(A)]g(:;;;h;Aj - [&A) + h(A)1 - ?I- y2 
= wg(W + y2K4) 
g(kA) + h(A) 
- [&A) + MAN - YI - y2 
= _ y2gW) + yh(A) 
g(kA) + h(A) 
- [g(kA) + h(A)] < 0. 
Since T < 0 and D > 0, the characteristic equation has positive coefficients. There- 
fore, whenever 7 > 1, the nontrivial equilibrium point is asymptotically stable. This 
completes the proof of Lemma 6. , 
We can now complete the proof of the theorem. By Lemma 4, there is no limit cycle 
in the I, A plane. Therefore, there can be no periodic solution of (1) in the region of S, 1, 
A space defined by 0 I S, 0 5 I, 0 9 A, S + I + A = 1. This proves (IV). Next, if 4 5 1, 
then S = 1, I = 0, A = 0 is the only equilibrium point. By Lemma 2, if T < 1, I = A = 0 is 
asymptotically stable for system (14), and consequently the trivial solution is asymp- 
totically stable for system (1) with the’constraint S + I + A = 1. Since the vector field 
points inward on all sides of the triangle T, all trajectories in T remain in T and must 
approach the only possible o-limit sets. This proves (I). For 7 5 1, the only possible 
o-limit set is the point (O,O), which proves (II). If 7 > i, the equilibria are (0,O) and the 
interior equilibrium point. The former is a saddle and its stable mahifold is not in T. 
Therefore, it cannot attract any orbits in T. By a standard application of the Poincare- 
Bendixson Theorem, the‘interior equilibrium point attracts all orbits in T -{I = A = 0). 
.This proves (III) and completes the proof of the theorem. 
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